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1 Introduction

In this paper, we extend Aguirre, Cowan, and Vickers’ (2010) arguments of the
welfare effects of monopolistic third-degree price discrimination to the case of (sym-
metric) oligopoly. In particular, we emphasize the role of pass-through as in Weyl
and Fabinger (2013) and Adachi and Fabinger (2017). Furthermore, we allow cost
differentials across discriminatory markets as in Chen and Schwartz (2015). Assum-
ing that marginal costs are constant and that all markets are open under uniform
pricing, we show that if the markup ratio in the strong market (where the discrimi-
natory price is higher than the uniform price) relative to the weak market (where it
is lower) is sufficiently large under uniform pricing, then social welfare will be lower
if price discrimination is allowed. It is also shown that if either the conduct ratio,
the pass-through ratio or the markup ratio is sufficiently small in the strong market

under price discrimination, then it raises social welfare.

In almost all of the theoretical studies on price discrimination, researchers (man-
ually) assume that there are no cost differentials across discriminatory markets to
focus on the demand side. However, in many real-world cases of price discrimina-
tion, cost differentials are quite often observed, not to mention the typical example
of a first-class seat and an economy-class seat (see Phlips 1983, pp. 5-7). In the nar-
row definition of price discrimination, this is not price discrimination because they
are considered different products. However, airlines are arguably motivated to offer
different types of seats because they aim to exploit consumer surplus by making
use of heterogeneity among consumers. Thus, ideally, a theoretical analysis of price

discrimination should also allow cost differentials across discriminatory markets.

Even if costs differ across markets, sellers, in reality, may have to be engaged
in uniform pricing due to the universal service requirement, fairness concerns from
consumers, and so on. Following Robinson (1933), we call one market s (strong),
where the equilibrium discriminatory price, p,, will be higher, if price discrimination
is allowed, than the equilibrium uniform price, p, and the other w (weak), where the

opposite is true, and the equilibrium discriminatory price is denoted by p,.! In the

In this paper, price discrimination is present when ps > p,,. As Clerides (2004, p.402) argues,



case of monopoly with constant marginal costs, Chen and Schwartz (2015) derive
sufficient conditions for consumer surplus to be higher under differential pricing. To
ensure that the strong market is indeed strong when cost differentials are allowed,
it is sufficient to assume that the marginal cost in the strong market is higher than
in the weak market: ¢; > ¢, (though ¢, should not be too much higher than ¢,).
Then, under uniform pricing, the markup in the strong market p — ¢, is smaller than
the markup in the weak market p — ¢,,. Differential pricing allows the monopolist
to sell more products in the weak market which is more efficient than the other
market. Chen and Schwartz (2015) find that while differential pricing with no cost
differentials (third-degree price discrimination in a traditional manner) tends to
increase the average price after differential pricing is allowed, differential pricing
with cost differentials does not. As in Chen and Schwartz (2015), this paper does
not have to make an explicit assumption on ¢, and ¢, as long as the second-order
conditions are satisfied and a large discrepancy between ¢, and ¢, does not change

the order of the discriminatory prices from the one with no cost differentials.?

We also emphasize that our sufficient conditions are related to estimable con-
cepts. Interestingly, own- and cross-price elasticities per se do not play an important
role in welfare evaluation. Our theoretical predictions, equipped with an estimable
framework, would be utilized to understand the mechanism behind an empirical
result. For example, in their empirical analysis of within-store brand competition,
Hendel and Nevo (2013) show that social welfare is higher under third-degree price
discrimination than with the case with no discrimination. However, it is not clear
what mechanism makes this empirical result. Although welfare evaluation is ulti-

mately an empirical matter, one still wishes to know more about which force derives

once cost differentials are allowed, “there is no single, widely accepted definition of price discrim-
ination.” To understand this issue, let mcs and mc, be equilibrium marginal costs in markets s
and w, respectively. Then, there are two alternative definitions. One is the margin definition:
price discrimination occurs when ps — mcgs > p,, — mcy,. The other one is the markup definition:
price discrimination occurs when ps/mcs > py/mcy,. In this paper, we employ the simplest defi-
nition. As long as cost differentials are sufficiently small, these differences will not alter the results
significantly because these three definitions are equivalent if mc;, = me,,.

2In the context of reduced-fare parking as a form of third-degree price discrimination, Flores
and Kalashnikov (2017) characterize a sufficient condition for free parking (drivers receive a price
discount in the form of complentary parking while pedestrians do not) to be welfare improving.



the result. Thus, this paper also aims to fill the gap between theoretical predictions
and the empirical literature of price discrimination, where researchers often have to

remain agnostic about the mechanism behind the result.

The rest of the paper is organized as follows. Section 2 presents our basic model
with symmetric firms and constant marginal costs. Then, we derive output and

welfare implications in Section 3. Section 4 concludes the paper.

2 Symmetric Firms with Constant Marginal Costs

For ease of exposition, we, following Holmes (1989) and Aguirre, Cowan, and Vickers
(2010), consider the case of two symmetric firms and two separate markets or con-
sumer groups (simply called markets hereafter). Extending the following analysis
to the case of J (> 3) symmetric firms and M (> 3) separate markets is straight-
forward. As explained above, we call one market s (strong), where the equilibrium
discriminatory price will be higher than the equilibrium uniform price, and the other
w (weak), where the opposite is true. Two firms, A and B, have an identical cost
structure in each market. We assume that they have a constant marginal cost in
each market m, ¢,, > 0. In the spirit of Chen and Schwartz (2015), ¢ and ¢, can
be different.

In market m = s, w, given firms A and B’s prices pa,, and pp,, the represen-
tative consumer consumes ga,, > 0 and gg,, > 0, and her (net) utility is written
as Upn(qa,ms 4B.m) — PAmGAm — PBmqB,m, Where U, is twice continuously differen-
tiable, oU,,/0qjm > 0, 82Um/3q]2~m >0, j = A, B, and 9*U,,/(0qam0qB.m) < 0.
The direct demands in market m are derived from the representative consumer’s
utility maximization: OUy,(¢jm: ¢—jm)/O0¢im — Pjm = 0, which leads to firm j’s
demand in market m, ¢jm = Tjm(Djm,P—jm). We assume that z;,, is twice con-
tinuously differentiable. The corresponding inverse demand can be written as
Pjm = Djm(¢im, ¢—jm)- Because of the assumptions on the utility, firm j’s demand in
market m falls as its own price increases (0x ., /0g;m < 0), and it rises as the rival’s

price increases (0%, /0q_;m > 0; the firms’ products are substitutes). We assume



that for a consumer’s perspective firms are symmetric: U, (¢, ¢") = U, (q¢",¢') for
any ¢ > 0 and ¢” > 0. Then, the firms’ demands in market m are also symmetric:
Tam(p,p") = xpm(p”,p) for any p’ > 0 and p” > 0. Because the firms’ technologies
are also identical, we, throughout this paper, focus on symmetric Nash equilibrium.
Under the regime of uniform pricing, the equilibrium uniform price for both markets
is p. If price discrimination is allowed, the equilibrium discriminatory prices are p*
in the strong market and p; in the weak market, and functional and parametric

restrictions are imposed to assure that pf > p > pr .3

We define the demand in symmetric pricing by ¢ (p) = £am(p, p). Another in-
terpretation of g,,(p) is: both firms take 2¢,,(p) as the joint demand, ‘cooperatively’
choose the same price (behaving as an ‘industry’), and divide the joint demand

equally to obtain ¢,,(p). Note that:

8:vAm 8xA,m
Gn(P) = —5 == (P2, P) +— (P ps)
Pa PA=D PB PB=P,

[ J/ [\

~
<0 >0 if substitutes

Thus, for ¢/, (p) to be negative, we assume that |02 4 ,,,(p, p)/Opa| > 0z a.m(p,p)/Op5.
Note also that by symmetry the following relationship also holds:

0T Am , 0xB.m
—(P) = 4nlp) — —(p,p),
T ) = gul) — 2 )
industry
own strategic effects

which corresponds to Holmes’ (1989) equation (4). This exchangeability is to key
in Holmes’ (1989) derivation below. Intuitively, under symmetry, each firm treats
the industry demand g,,(p) as if it is its own demand. Thus, how a firm’s pricing
behavior affects its own demand as an industry demand has the following two effects:
a small decrease in p by firm A by deviating from the ‘coordinated’ price p (i) not
only raises its own demand by 0za,,/0pa as the residual monopolist (taking the

rival’s pricing as fixed; intrinsic effects), (ii) firm A can now also obtain some of the

3However, see Nahata, Ostaszewski, and Sahoo (1990) for an example of all discriminatory
prices being lower than the uniform price with a plausible demand structure under monopoly. In
the case of oligopoly, Corts (1998) show that best-response asymmetry, by which firms differ in
ranking strong and weak markets, is necessary to all discriminatory prices to be lower than the
uniform price (“all-out price competition”).



consumers originally attached to firm B, and this amount is 0xp,,/0pa (strategic
effects).

Under symmetric pricing, we define, following Holmes (1989, p.245), the price
elasticity of the industry’s demand by €l (p) = —pq,,(p)/qm(p). This corresponds
to ep in Weyl and Fabinger (2013, p.542), and it should not “be confused with the
elasticity of the residual demand that any of the firms faces.” Similarly, the own-
price and the cross-price elasticities of the firm’s demand are defined by £ (p) =
~ (/4 () (0 4m(p,p)/Opa) and by €5 (p) = (p/m(p))(0x5m(p,p)/Ipa), respec-
tively. Then, Holmes (1989) shows that under symmetric pricing, ef (p) = ! (p) +
€% (p) holds. This implies that the own-price elasticity must be greater than the
cross-price elasticity (e (p) > €9(p)). Here, 9*x4.,m(p,p)/0(pa)? can be positive,
zero or negative. Following Dastidar’s (2006, p.234) Assumption 2 (iv), we assume
that 9%, (p, p)/0p; + 9T jm(p, p)/Opadps < 0.

Firm j’s profit in market m is written as 7, (Djm, P—jm; Cm) = (Djm—Cm) T jm Pjm, P—jm)-
As in Dastidar’s (2006, pp.235-6) Assumptions 3 and 4, for the existence and the
global uniqueness of pricing equilibrium under either uniform pricing or price dis-
crimination, we assume that for each firm j = A, B, 0*1j, /0p3,, < 0, 9T [ (OpjmOP—jm) >
0, and —[0°7jm /(OPjmOP—jm)|/ 0T jm/Op3,] < 1 (see Dastidar’s (2006) Lemmas 1
and 2 for the existence and the uniqueness). We then define the first-order partial

derivative of the profit in market m, evaluated at a symmetric price p, by

aﬂ-jm(pjmv p—j,m; cm)

apﬂ-m (p' Cm)
’ apjm
Pim=P—jm=pP

81‘ A
= an(p) + (P = cm) 5= (P p)-
DA
Then, under symmetric discriminatory pricing, pf, = p, (¢,,) satisfies 0,7, (P, ¢m) =

0 for m = s,w. Under symmetric uniform pricing, p = p(cs, ¢,,) is a (unique) so-

lution of 9,ms(P; ¢s) + 0,mw(D; ¢y) = 0. Throughout this paper, we consider the

4If one considers quantity-setting, rather than price-setting, firms, as in Agurre (2017), then
firm j’s profit in market m is defined by 7jm = Djm(@im,d—jm)eim — cm(gim), and thus
the first-order partial derivative in symmetric equilibrium is O, /8qjm|qjm:q7jym:q, which is
equivalent to pn,(q) — mem(q) + ¢(0pa,m(¢,q))/dga) = 0. Under uniform pricing, firm j’s
quantity-setting problem is formulated as maxg, g, 3= o [Pjm(@jm: 4—j,m)@jm — €m(gjm) subject

to pj,s(qj,sa qu,s) = pj,w(Qj,wv q*j,w)'



situation where the weak market is open under uniform pricing: ¢, (p) > 0.

Let the equilibrium profit in market m in symmetric equilibrium under uniform
pricing and under price discrimination be denoted by 7, and 7,,, respectively. Ac-
cordingly, the aggregate profits are defined by IT* = 7* + 7 and Il = T, + T,
respectively. If price discrimination lowers firms’ profit in symmetric pricing equi-
librium (i.e., IT* < II), the firms may want to agree not to price discriminate even if
they are allowed to do so. This is a situation of Prisoners’ Dilemma: one firm’s de-
viation is profitable. We assume that firms cannot commit to not engaging in price
discrimination even if II > IT*: we consider Nash equilibrium under each regime of

pricing (uniform pricing or price discrimination).

The equilibrium discriminatory price in market m = s, w, p5, = pk (¢,,), satis-
fies the following Lerner formula: e (p? )(p%, — ¢n)/pf, = 1. This shows that the
discriminatory price in market m approaches to the marginal cost as the own-price
elasticity for the firm, e (p? ), becomes large. Because of Holmes’ (1989) elasticity
formula explained above, & (p# ) can be large (i) when &l (p?,) is very large even
if €9 (p:,) is close to zero, or (ii) when €9 (p?)) is very large even if &l (pr) is close
to zero. These are two polar cases of a large €f (p;,): of course if both &/ (p#,) and

e (pr,) are very large, then £ (p?)) is also very large. Case (i) is where the industry
is under strong pressure from other substitutable industries” so that a small price
increase in symmetric pricing causes a large number of consumers switching to pur-
chasing a product in other industries instead, although any consumers are very loyal

to either firm so that a small price increase by one firm causes a very small number

®Note that ¢, (p) > qu(p?) because q,(-) is strictly decreasing and p* > p. By Assumption,
qw(p%) > 0. Thus, the weak market is open under uniform pricing, i.e., ¢, (p) > 0. Alternatively,
we would be able to show that there exist ¢, and €5, ¢, < €, such that p% > p¥ and ¢, (p) > 0 for
¢s € (¢4, Cs) in a similar spirit of Adachi and Matsushima (2014).

6Dastidar (2006) provides a sufficient condition for firms’ equilibrium profit to be higher under
price discrimination. More specifically, define the price difference between the discriminatory price
and the uniform price in market m by Ap, = pf, — D. Then, Dastidar’s Proposition 2 (2006,
p-241) shows that if [Ap;| > [Apj,| and Oz s(p,p)/Opa > 0xp w(p,p)/Opa for all p € (p},, pF),
then the per-firm profit difference, AIl = IT* — 11, is positive.

“In the demand construction based on random utility and discrete choice, this would be inter-
preted as an outside option. Note also that if the industry is defined by the SSNIP (“Small but
Significant and Non-transitory Increase in Price ) test, then by definition, ¢/ (pZ,) is close to zero,
and thus, X (p¥,) is closely approximated by €& (p%,).



of consumers switching to other rivals’ product in the same industry (most of them
leave the industry to purchase something outside the industry). For example, in a
residential area, consumers (especially young consumers) would have a strong taste
for their favorite soda (thus, €€ (p#,) is close to zero), although soda is highly sub-
stitutable by mineral water (thus, ! (p?,) is very large) if consumers just want to

quench their thirst (whether soda or water does not matter).

On the other hand, case (ii) is where the competitive pressure from other in-
dustries is weak, although inside the industry, firms are fiercely competing for con-
sumers. For example, in a resort, consumers may not care much about the difference
between Coke and Pepsi (thus, €€ (p,) is very large), though soda would not be eas-
ily substitutable by mineral water (thus, ! (p? ) is close to zero) because consumers
want to get perfectly refreshed: having water instead of soda does not relieve their
throat. From a firm’s perspective, these two polar cases are equivalent with respect
to pricing in the sense that if it raises its price by even a small amount, it loses
a large number of consumers: whether they leave the industry or switch to rivals’
products does not matter to that firm. Thus, in the examples above, the firms’
(discriminatory) prices are close to marginal cost both in a residential area and in
a resort due to different reasons. Recall again that these are two polar cases: in
reality, €X' (p?.) may be large because both ! (p* ) and €€ (p,) are large. We can
also think of the following alternative possibility: in a resort filled by young visitors,
Coke’s and Pepsi’s prices are close to the marginal cost because consumers do not
care about water or soda as long as they can relieve their throat (i.e., €/ (p,) is very
large), although they are very loyal to either brand once they choose soda (¢€ (p?,)

is close to zero).

Next, let y,, be per-firm (symmetric) share output in market m.,® that is,
Ym (Pss Pw) = Gm(Pm)/]as(Ps) + quw(pw)]. Then, the equilibrium uniform price, p =
P(cs, cy), satisties: Z  Upeh (D) (B—cm)/D = 1, Where 7., = ym(B(cs, cw), B(Cs, )

for m = s, w.”

80f course, the total output in market m is 2¢,,(pm ), aggregated across symmetric firms.
9If there are no cost differentials, i.e., ¢ = ¢, (= c¢), then the formula is simpler:
D= w Zmel (p)(p — ¢)/p = 1 as shown by Holmes (1989, p.247): the markup rate (common



3 Output and Welfare

In the analysis below, we, following Schmalensee (1981), Holmes (1989), and Aguirre,
Cowan, and Vickers (2010), add the constraint p;—p,, < r, where r > 0, to the firms’
profit maximization problem (under symmetric pricing). Then, r = 0 corresponds
to uniform pricing, and r = r* = p} — pI to price discrimination. We express social
welfare (and aggregate output) as a function of r in [0,7*]. Note that under this
constrained problem of profit maximization, p,, satisfies 0,7 (pw+7)+0pTw(Pw) = 0.
Thus, we write the solution by p, (). Then, we define ps(r) = p,(r) + r. Applying
the implicit function theorem to this equation yields to p/, (r) = —x. /(7. +m,) <0
and pl(r) =7, /(7. + ) > 0.

Here, note that 7, (p, ¢,,) and DM (p, cm) are different:

"

T (P Cm) = @n(p) + O%am (p,p) + (p — cm)i (8“:"‘ (p,p)>

Opa dp \ Op

0x 4 82xA
== 82 m + i 3 + — Cm o 5 )
T (D) o (p.p) + (p )a BapA( )

where 027 (p, ¢ is defined by

(p,p),

_ 32$A,m(p,p)/8p2 0T Am

Oz am(p;p)/Opa | Opa
which corresponds to Aguirre, Cowan, and Vickers’ (2010) 7, (p). We assume that
7 (p,cm) < 0 for all p > 0.1°

We define the representative consumer’s utility in symmetric pricing by ﬁm (q) =
Un(q,q). Aggregate output under symmetric pricing is given by Q(r) = Q(r) +
Quw(r) = 2(gs(ps(r)) + qu(pw(r)). Social welfare under symmetric pricing as a func-
tion of 7 is written as W (r; s, cw) = Us(qs(ps(r))) + Us (G (pu (7)) = 2¢5 - s (ps (1)) —
2eu - u(pu(r)), which implies W'(r) = (U = 2¢,) - ¢, - pl,(r) + (U}, = 24) - ), - 1l (1).
Now, note that (7,’71 = 0U,,/0qa + 0U,,/0qp = 20U,,/0qa (by symmetry). Thus,
W(r) = 2(ps(r) — ¢s) - g - P(r) + 2 (pu(r) — cw) - 4, - P (7).

to all markets) is equal to the inverse of the average of own-price elasticities weighted by the
output shares.

10 Appendix A of Aguirre, Cowan, and Vickers (2010) discusses the concavity of the profit func-
tion.




3.1 Output

Now, we can further proceed:

PO ) 5+ e )t
+ (pu(r) =P+ P — ) 4y (Pu(r))p,, (1)

= (ps(r) = D) 4u(ps(r)P(r) + (Pu(r) = B) 41, (pu (7))l (1)

—~ N

<0 <0

+ (B cm) G (P (1)l (7).

m=s,w

This derivation coincides with the case of monopoly as shown in Aguirre, Cowan, and
Vickers’ (2010, p. 1604) equality (3) if there are no cost differentials (i.e., ¢s = ¢, =
¢), with two minor modifications: (i) the left hand side is W’(r)/2 rather than W' (r)
itself, and (ii) the last term of Aguirre, Cowan, and Vickers’ (2010) equality (3) is re-
placed by Q'(r) /2 rather than Q'(r) because (1/2) >, ., (D — ¢m) @, (P (1)) P, (1) =
(P —¢) (Q'(r)/2). If cost differentials are allowed, it is observed that an increase in

the weighted aggregate output, > . (D — ¢n) @y, (pm(r))p;,(r), is necessary for

price discrimination to raise social welfare, as in the case of monopoly.!!

To proceed further, we define the curvature of the firm’s (direct) demand in

market m by
p 82:L‘A,rn
0 Am(p; p)/Opa Op%

(which measures the concavity/convexity of the firm’s direct demand, and corre-

F
Xy

(p) =-— (p, p)

sponds to a,,(p) in Aguirre, Cowan, and Vickers, 2010, p. 1603), and the elasticity

of the cross-price effect of the firm’s direct demand in market m by

as(p) = — b 5z am (»,p)
" 02 4, (p, p)/OpB Opdpa
- b tnm, )
~ 02pm(p,p)/Opa 8pA Y
>0 <0

"UHowever, if externalities across consumers, such as network externalities and congestion, exist,
then an increase in aggregate output would be no longer a necessary condition, as implied by
Adachi (2002,2005), who studies monopoly with linear demands. See also Czerny and Zhang
(2015) as a recent study of price discrimination and congestion.

10



F
m

which is new to oligopoly.'? Here, af (p) is positive (resp. negative) if and only if
0%z 4.m(p, p)/Op? is negative (resp. positive), while o€ (p) is always positive (because
of our assumption, 9%z, (p, p)/(Opadpp) < 0). Note that the sign of o (p) indicates

whether the firm’s own part of the demand slope under symmetric pricing given the

F

F (p) is positive) or concave (af (p)

rival’s price being p, 0z 4 (-, p)/0pa, is conver (« o

is negative). On the other hand, af (p) measures how the rival’s price level matters

to how many of the firm’s customers switch to the rival’s product when the firm
c

raises its own price (0xp,,/0pa). Thus, a large ay,

(p) implies that 0xp,,/Opa is

very responsive to a change in pg, and vice versa.

Next, we define the conduct index (see, e.g., Bresnahan 1989; Genesove and
Mullin 1998; and Corts 1999) in market m by 6,,(p) = 1 — A,.(p),"® where A,,(p)
is the aggregate diversion ratio (Shapiro 1996) in market m, which is is defined
by Apm(p) = —(025,m(p,p)/0pa)/ (02 am(p,p)/Opa) = €5(p)/eh(p). Here, Ap(p)
measures the degree of rivalness: if A,,(p) is close to one, consumers who leave a
firm as a response to an increase in its price are nearly all switching to its rival’s
product. In this way, Aguirre, Cowan, and Vickers’ (2010) derivation in the case
of monopoly (where the method by Schmalensee (1981) is utilized) is connected
to Weyl and Fabinger’s (2013) condition in the case of symmetric oligopoly. In
particular, Aguirre, Cowan, and Vickers’ (2010, p.1606) Proposition 2 (a sufficient

condition for price discrimination to raise social welfare) is extended to the case of

12This is because 0 (0z 4,m (p,p)/OpB) /Opa = 0 (0xp.m(p,p)/Opa) /OpA.

13 Alternatively, Weyl and Fabinger (2013, p.531) define the conduct index in a market (which,
in our interest in price discrimination, can be indexed by m) by 6,, = [(p — ¢m)/plel, (their me
and ep are replaced by our ¢, and ! , respectively) as the Lerner index adjusted by the elasticity
of the industry’s demand. If the first-order condition is given for each market (that is, if full
price discrimination is allowed), then 6,,(p) defined as in Weyl and Fabinger (2013) coincides with
1 — A, (p) because e [(pm — ¢m)/pm] = 1 and thus

I D—Cm _ 1 _ p /
() e (p) ( m (p)> (7]

@ (P) 1 » 02 am D am
- p  Oxa,m(p,p)/Opa <_Qm(p)>( Opa (p,p) + opg (pvp)>

_ Ozam(p,p)/Opa+ 0xp,m(p.p)/Opa (by symmetry).

0 A,m(p,p)/Opa

See also Adachi and Fabinger (2017) for a generalized definition of the conduct index that allows
for the possibly of non-zero specific and ad valorem taxes.

11



oligopoly in a simpler manner, using the concept of pass-through introduced in the
next subsection.

As Weyl and Fabinger (2013, p. 544) argue, 6,,,(p) captures the degree of industry-

4in market m: if 6,,,(p) is zero (close to one), market

level brand loyalty or stickiness
m is captured by perfect competition (almost monopoly): firms’ products are per-
fect substitutes (nearly non-substitutable products).'® The markup rate (the Lerner
index), Ly, (Pm, ¢m) = (Pm — ¢m)/Pm, alone is not appropriate to measure the rival-
ness within market m because it can be the case that p,, is close to ¢, (the markup
rate is close to zero) simply because the price elasticity of the industry’s demand
el (p,) is very large while the brand rivalness is so weak that the cross-price elas-
ticity, €% (pm), remains very small (as a result, in total, X (p,,) is very large, which
is actually reason for the low markup rate). However, if ¢ (p,,) is close to £ (p,,)
(i.e., almost of all consumers who leave a firm as a response to its price increase are
switching to other rivals’ products), then 6,, becomes close to zero irrespective of

the value of the markup rate. Thus, 0,,(p), which ranges between 0 and 1, better

captures the brand stickiness than L,,(p, ¢n,) does.

Now, we consider the effects of price discrimination on aggregate output. First,
note that

Q'lr)

/ / / /
2 qw p w qs p S

noon

_ (_ ToTu )
- " "
T, + Ty

~—_————

y (1 — Ls(ps(r)[ef (ps(r) = (1 = B4(ps(r))al (ps(r))]
0s(ps(r))
1= Ly (pu(r)[ag (Puw(r) — (1 = 0 (pu(r ))ag(pw('f’))]>
O (Pu(7)) '

Note also that €% (py) /el (pm) = [1 — 0 (Pm)]/0m(pm) measures the substitutability

“Even if the firms’ products have the same characteristics across different markets (with no
product differentiation), the degree of brand loyalty may differ across markets, reflecting differences
in market characteristics (summarized in demand functions).

Because (pm — cm)el (pm)/pm = 1 and ef (pn) = €L (pm) + €5 (pm), it is verified that
O (Pims € ) +€S (Prn) (Pm—Cm) /Pm = 1. Thus, as long as the products are substitutes (€5, (p,) > 0),
O (Dm, €m) is less than one.
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between brands (adjusted by the elasticity of the industry’s demand): if the brand
stickiness is very strong (i.e., 0,,(p) is close to one), €5 (py)/el (pm) is close to
one, while if the brand stickiness is very weak (i.e., 6,,(p) is close to zero), then
€% (pm) /el (pm) becomes infinitely large. Then, the following lemma holds with cost

differentials being allowed.

Lemma 1. Q'(r) > 0 if and only if (suppressing the dependence on p,,(r) and ¢,,)

al —(1-0,)a¢ af —(1-0,)a¢ 1 1
7 L, 7 tg g >0 (1)

Ly -

Now, suppose that the brand stickiness in the weak market is so weak that
0. (pw) is close to zero (6, (pw) = 0), while the brand stickiness in the strong market
is moderate or strong (6s(ps) > 0). Then, the left hand side of the inequality above

is approximated by

1—L,[all = (1-6,)af]

—{1—Lw[ai—ag}}%.

05
Thus, as long as 1 > Ly [af — af], the left hand side becomes infinitely negative as
0.,(pw) approaches to zero (assuming the first term is bounded). Counterintuitively,
in the weak market, where price discrimination lowers the price, the brand rivalness
has a negative effect on an increase in aggregate output by price discrimination. This
is because the uniform price is already very low due to the fierce level of competition
and thus there is little room for a price reduction by price discrimination to increase
the output in the weak market. The opposite argument holds if the strong market is
characterized by a low brand stickiness (i.e., 05(ps, ¢s) =~ 0). This implies that, as is
expected, a fierce level of competition in the strong market has a positive effect on
an increase in aggregate output by price discrimination. The rivalness in the strong
market keeps the price increase by price discrimination small, and thus a reduction

in output in the strong market is also kept small.

Following Holmes (1989), we call the first and the second terms in the left
hand side of (1) the adjusted-concavity part, and the third and the fourth terms the

13



elasticity-ratio part:

F C F C
al — (1 — Gw o al — (1 — 93 « 1 1
Lw . w ( ) wo Ls . S ( ) S + _ . (17)
0. 0 0s 0w
~ ~ ~ ——
adjusted-concavity elasticity-ratio

First, look at the elasticity-ratio part. If the difference 8, — 0, is greater, it is more

likely that Q'(r) > 0. Thus, competitiveness in the strong market, rather than in the

F

weak market, is important. Next, look at the adjusted-concavity part. A larger a;,

and/or a smaller a$ make a positive Q’(r) more likely. A larger af means that the
firm’s own part of the demand in the weak market (02 4,,/0pa) is more convex. On
the other hand, a smaller o means that how many of the firm’s customers switch
to the rival’s product as response to the firm’s price increase is not so affected by
the current price level. In this sense, the strategic concerns in the firm’s pricing are
small. Thus, both a larger af and a smaller af indicate that the weak market is
competitive. Even if 0z .4.,,/0p4 is not so convex, a smaller o (i.e., 0xp.,/0pa is
not responsive to the level of pg) can substitute it. A similar argument also holds
for af and a¢. In the Appendix, we show that Holmes’ (1989) expression for Q'(r)
(expression (9) in Holmes (1989, p.247)) is equivalent to (1’).

Now, define hp,(p, ) = 1/(4}, (p)/7,,(p, ¢m)) > 0 s0 that

Q,2<T) B (_%) [hs(ps(r)7 CS) - h’w(pw(r)’ Cw)] ’
—

We assume that h,, (-, ¢n) is decreasing (and call it the Decreasing Inverse Ratio

Condition: DIRC).' Tt is also shown that

Q' (r s, PV d @oGu
G (et ) gl [ — ] o (e )

" " " "
2 T, + Ty, dr Ty + Ty,

161t is verified that hl, < 0 is equivalent to ¢!/, > (q., /7 )7 because

" /
h/ (p Cm) — ﬂ-m(p7 Cm) — ﬂ-%q;n — Tr;vlqu;; ]
" I (P) (a7,

Thus, DIRC states that the profit function decreases quickly enough as p increases. To see this,
if ¢/ > 0, then it is sufficient to assume 7/ < 0. This means that 7]/, which is negative, should
be smaller, that is, the the negative slope of 7)), should be steeper, as p increases. If ¢/, <0, then
7 be should be not only negative but sufficiently small that =/

< gy (g, /™). In both cases,
mmshould decrease quickly as p increases.

14



Then, there exists 7 such that Q'(7) = 0 and Q" (7)/2 = [—q.q,,/ (7. +m.)] [W.p, — hLpl] <

S

0 because h.p., < 0 and A, p! > 0. Then, (1/2)Q(r) behaves on [0, 7*] in either man-

w

1161‘217

1. If @'(0) < 0, then (1/2)Q(r) is monotonically decreasing in r, and a result
AQ/2 = [Q(r*; cs, cw) — Q(0; ¢, ¢)] /2 < 05 price discrimination lowers aggre-
gate output.

2. If @'(0) > 0, then (1/2)Q(r) either

(a) is monotonically increasing (if Q'(r*) > 0, this is true), and as a result,

AQ/2 > 0; price discrimination raises aggregate output.

(b) first increases, and then after the reaching the maximum (where Q'(r) =
0), decreases until » = r*. In this case, price discrimination may raise or
lower aggregate output: it cannot be determined whether AQ/2 < 0 or

AQ/2 > 0 without further functional and/or parametric restrictions.

Now, we determine the sign of Q’(0). It follows that sign[Q’(0)] = sign[r, (B, ¢s) /¢.(p)—
(P, ¢w)/d,,(p)], which implies that Q'(0) < 0 & (B, cu)/d,,(B) = 7, (B, ¢s)/d,(D)-
Note also that sign[Q’(r*)] = sign[hs(p, ¢s)—huw (P, cw)], which implies that Q' (r*) >
0 ¢ mo(ph, cw)/ai(p}) > 7, (Pl €u) /4, (P},). Because
Tn(Bs€m) _ (2= Lon(Ps em) gy (P)] = [1 = 0 (P)] [1 — Lin (P, cm) vy, (D))
¢ (P) O (D)

holds, the following proposition obtains.

Proposition 1. Given the DIRC, if 0,(p) > 0.,(p) and
af () = [1 = 0.()af(®) . @) = [1 = bu(D)og ()
0.(p) B 0.(P)
then price discrimination lowers aggregate output. If 6,,(pk) > 04(p%) and

af(ph) = [1— 0u()]aS (p) o (pf) — [1 = 0,(ph)]al (p})
0w (p3,) - 0s(p3) ’

then price discrimination raises aggregate output.

17This is because the modified version of Aguirre, Cowan, and Vickers’ (2010, p. 1605) Lemma
also holds in our oligopoly setting.
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Proof. First, note that

2= Lu(P, co)al(B)] — [1 = 0u(D)] [1 — Lu(B: cu)al (B)]
0.(D)
2 = Ly(D, cs)af (9)] — [1 = 6,(P)] [1 — Ls(P, ¢s)aS (p)]
05(p) ’

then price discrimination lowers aggregate output. The first part is a sufficient

>

condition for this inequality to hold. Next, note that

[2 — Ly(pt, es)af ()] — [1 = 05(p2)] [1 — Ly (0%, ¢5)al (p?)]
04(pt)
12 = Lo (9%, cw)al ()] — [1 = 0w (0] [1 — Lu (D}, cuw)a (9%)]

> :
0w (ps,)

then price discrimination raises aggregate output. Thus, 0,,(p}) > 0(p%) and

Loyt cw)ai(pl) — [16;(]25)(192)]045(%) - Ls(p:’cs>af (ps) — [165_( ;s)(pi)]af(pi)'

w?

3.2 Social Welfare

Now, we study the effects of allowing third-degree price discrimination on social

welfare. To proceed further, note that

0 ()
s>0 Tw
" <(pw(7“) - C;/)q;(pw(r)) (ps(r) = ;s”)QQ(ps(T))) '

We follow Aguirre, Cowan, and Vickers (2010, p.1605), who define z,,(p,cn) =
(p—cm)d.,(p) /7, (D, ¢), which is “the ratio of the marginal effect of a price increase
on social welfare to the second derivative of the profit function.” However, our ¢,
and 7, have strategic effects. More specifically, our ¢/, and 7, are written as

, 0T A m 0rpm
m\Pm) — : ms Mm + — ms Pm
G (Pm) 8pA(p Pm) \(9])3(]) Pm)

J/

-

TV
<0 (ACV’s ¢l,,) >0 (strategic)
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and

g g

ACV’s 7#1 strategic

where

(%'Am |:d <8$Am > 82{L‘Am :|
Gm yCm) = : 5 + — Cm ¥ . 3 - : ) .
(P, Cm) 9 (p,p) + (P — cm) 7 \ o, (p,p) o (p,p)

As in Aguirre, Cowan, and Vickers (2010, p.1605), we can write

W) _ (—%) 2o (P, ) — 22(pa(r). )],

and their lemma also holds in our case of oligopoly if we assume z,, (-, ¢,,,) is increasing
(the Increasing Ratio Condition; IRC).'"® Then, (1/2)W(r) behaves on [0,7*] in

either manner:!?

1. If W/(0) < 0, then (1/2)W(r) is monotonically decreasing in r, and a result
AW/2 = [W(r*; cs, c) —W(0; ¢, ¢)] /2 < 0; price discrimination lowers social

welfare.
2. If W'(0) > 0, then (1/2)W (r) either

(a) is monotonically increasing (if W’(r*) > 0, this is true), and as a result,

AW/2 > 0; price discrimination raises social welfare.

(b) first increases, and then after the reaching the maximum (where W’(r) =
0), decreases until » = r*. In this case, price discrimination may raise
or lower social welfare: it cannot be determined whether AW/2 < 0 or

AW/2 > 0 without further functional and/or parametric restrictions.

"*Note that 27, (p; cm) = {[(p — cm)dm () + 4o (D)7 (B) = (b =€) ()1, (0)}/ [, (p)]* and
thus, TRC is equivalent to [(p = ¢ )dy, (P) + € (D)7 () > (P — )4y (P)7,,,(p). Appendix B
of Agguire, Cowan, and Vickers (2010) discusses sufficient conditions for the IRC in the case of
monopoly. If k., (-, ¢, is decreasing, as we assume throughout, then z,, (-, ¢,,) is increasing because
2l Dy em) = [1 = z2m(p; em) R, (D; ¢m)]/ham (D; € ) s0 that 2!, is positive if A, is negative. That is,
DIRC is a sufficient condition for IRC to hold.

9This is because the modified version of Aguirre, Cowan, and Vickers’ (2010, p. 1605) Lemma
also holds in our oligopoly setting.
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Now, we determine the sign of W’(0). First, define the markup in market m by

i (B, €m) = p—Cm. Then, it follows that sign[1V7(0)] = sign [, (7, ¢ ) (B)/ 7 (B, )
—11,(P, ¢5)q.(D) /7. (B, cs)], and thus, the following proposition is obtained.

Proposition 2. Given the IRC, if the markup in strong market relative to the weak

market at the uniform price p is sufficiently large, i.e.,

_ 1 4(P) 1\ %(P)
Ns(pa cs)ﬂ_;/ (]_7) 2 Nw(p7 Cw)ﬂ_u (]_)) ) (2)

w

then price discrimination lowers social welfare.

If there are no strategic effects (i.e., 0rp,m/0pa = 0 or 0,,(p,cn) = 1), then

7 (B, ) [0 (B) = 2= Lon (B, €) 0 (), and inequality (2) above reduces to 1, (B, ¢;)/ i (B, ¢u)

> [2 = Ls(p, cs)ak (p)]/2 — Lu(P, cw)ak (p). On the other hand, if there are no cost
differentials (i.e., ¢, = ¢, = ¢), then inequality (2) above reduces to 7, (B, ¢) /¢, (D) >
7. (P, ¢)/q.(P) because the markups are the same in the two markets. Thus, if there
are no strategic effects and no cost differentials, then inequality (2) coincides with
Aguirre, Cowan, and Vickers’ (2010, p. 1605) Proposition 1 (af'(p) > o (p) in our
notation; in their notation, as(p) > ., (p)) because L(p, cs) = Ly(P, ¢y). That is,
the firm’s “direct demand function in the strong market is at least as convex as that

in the weak market at the nondiscriminatory price” (Aguirre, Cowan, and Vickers,

2010, p. 1602).

Recall that in our case of oligopoly,
W;;L(ﬁ, Cm) _ [2 - Lm(]_Qa Cm>a7};(1_9)] - [1 - Hm(ﬁ)] [1 - Lm(f_g’ cm)ag(ﬁ)]

% (D) 0 (D)

holds, which leads to the following corollary, another expression for the sufficient

condition for price discrimination to lower social welfare in the case of no cost

differentials.

Corollary 1. Suppose there are no cost differentials across markets (cs = c¢).
Given the IRC, if 6, > 05 and

af —(1-0,)a¢ _ af —(1-0,)a¢

ei(p) - e,(P)

at p, then price discrimination lowers social welfare.
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This is because

mpe)  Tabe)
45(P) % (P)
— (ol —(1-0,)a¢ of —(1-0,)a¢ 1 1
T - w w)mw s S ] - <
< ( 0 0, ) o, e, =0

where L = Ly(p,c) = Ly (P, c).

We also define the pass-through rate (under symmetric equilibrium discrimi-
natory pricing) in market m by p,, = (p,)'(¢m). Then, we obtain the following

sufficient condition on welfare improvement by allowing price discrimination.

Proposition 3. Given the IRC, if the markup in strong market relative to the weak

market under price discrimination is sufficiently small, i.e.,
0(03) P (P2) 15 (D5 €5) < 0w (D) Py (Pl 1oy (P ),
then price discrimination raises social welfare.

Proof. To prove this proposition, note first that

(pm — Cm>5{n(pm)Qm(pm)

O
G (Pm)
= ~OnPm) =
Trm(pma Cm)
holds. Now, define
dm\Pm
F(pm, em) = an# +Pm — Cm
pa (pmapm)

so that F(p?,,¢,n) = 0. Then, by applying the implicit function theorem, we have

1
+ = —Qm 2
0% 4,m/0pa (0 A,m/0pa)
B 8fL‘A,m/apA
n amA,m

+ q, _ qm d <axA,m> 7
Opa " 0x A /Opa dp \ OpA
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and under the equilibrium discriminatory prices,
O 4,m (P Pr) [ OP A

p =
m 0T Am d [(0zam
aa(pr) + 25 (p;,pa>+<p;—cm>—(—A/;@;L,p;:@))

apA dpm,
8x,4,m (p:rm p:n)/ﬁpA

W;,n(p:n? Cm)

which implies that

4m (D},)
aIA’m
Opa
= O (D) P (D) o (P15 C)

Zm Py €m) = =0 (D) P ()

(Pt 0%,)

and thus

w'(r) T,
2 N 7+ T

X (0w (D) P (D) oo (D5 ) — O5(05) ps (05 115 (D55 €5)] -

This completes the proof of Proposition 3. [

Here, Aguirre, Cowan, and Vickers’ (2010) IRC for z,,(p, ¢,,) is equivalent to
that condition on 6,,(p)p,,(P)i,,(p, cm). Roughly speaking, if (in symmetric equi-
librium) (i) the brand loyalty (0), (ii) the pass-through (p), or (iii) the markup (u)
is sufficiently small in the strong market, then social welfare is likely to be higher
under price discrimination. In particular, if these three measures are calculated (or
estimated) in each separate market (and symmetry is not so far away from the real-
ity), then it would assist one to judge whether price discrimination is desirable from
a society’s viewpoint. To the best of our knowledge, Propositions 2 and 3 are the
most general statements on when allowing (symmetric) oligopolisitc firms to price
discriminate lowers or raises social welfare, allowing cost differentials that Chen and
Schwartz (2015) study in the case of monopoly, although Weyl and Fabinger (2013,
p. 565) also briefly mention the importance of 0,,p,, (-

Even if there are no cost differentials (i.e., ¢ = ¢,), this expression cannot be

further simplified. In other words, this expression is already robust to the inclusion
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of cost differentials. Now, if we further assume that there are no strategic effects (i.e.,
6., = 1), then the above condition becomes (pt—c)/(pk,—c) < (1/ps(0%))/(1/py (D)),
which coincides with (pj, —¢)/(2—0y,(q.(9},))) > (05 —¢)/(2—0i(g:(p}))) in Propo-
sition 2 of Aguirre, Cowan, and Vickers (2010, p.1606), where of (q) = —qp" /D’
is the curvature of the industry’s inverse demand function (in symmetric pricing),
because it is shown that p,,(p:,) = 1/[2 — 0, (¢(p%,))] in our oligopoly setting as
well. Thus, price discrimination raises social welfare “if the discriminatory prices
are not far apart and the inverse demand function in the weak market is locally

more convex than that in the strong market” (Aguirre, Cowan, and Vickers 2010,

p. 1602).

Suppose that price discrimination is being conducted. Then, to evaluate it from
a viewpoint of social welfare, we first compute 6,,, p,, and p,, for each m = s, w, then
if the sufficient condition above is satisfied, then the ongoing price discrimination is
justified. Notably, to compute 60,,, p,, and p,, in equilibrium, the cost information
is not necessary: once a specific form of demand function in market m for firm j,
Qim = Tjm(Djm,P—jm) is provided (and if IRC is satisfied), then the three variables
are computed in the following manner: 6, = 1 — % (p%,)/eE(:), p = 1/[2 —
o ()] = (a0 (037 / 2l (03)]” = @ (Prn) @ (P)), and g, = pry /e (P),). Thus, if
the firm’s demand for each market m is estimated and the discriminatory price pj,

is observed, then one can easily compute 0,,, p,,, and p,),.

It is also possible to provide coherent sufficient conditions for an increase and
a decrease in social welfare by price discrimination, using 6,,p,,/,, that appears in
Proposition 3 above. To do so, consider the case where the prevailing uniform price
is not a result from banning price discrimination: the uniform price results from a
quantity transfer from the strong market to the weak market. Let the amount of the
transfer be denoted by ¢ > 0. Then, if per-firm quantity transfer is made from the

strong market to the weak market, the first-order condition in the strong market is

~ @xA s
s —q—+ — GCs 7 ) - 07
as(p) —q+ (p—cs) o (p,p)
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while that in the weak market is

axA,w
Opa

Guw(p) +q+ (p— cw) (p,p) = 0.

It is possible to find a unique ¢ = § such that p, = p,, = p because summing these
equations yields the first-order condition under uniform pricing. As ¢, starting at g,
approaches to zero, p,,(¢) moves from the uniform price p to the discriminatory price
p;,. In this sense, the role of g is similar to considering the constraint p; — p,, = r as
above. Now, let the corresponding equilibrium (per-firm) output be defined by (with
an abuse of notation) ¢,,(q) = ¢n(pm(q)). Then, dead-weight loss from oligopoly in
market m can be written as a function of ¢, DW L,,(q), and as Weyl and Fabinger

(2013, p.538) show,
dDW L,

Thus price discrimination raises social welfare (AW > 0) if and only if

0

ADWL| = [ 0u(@p@n, @7

is greater than ~
q
ADWL| = [ 6@ @@
0

and vice versa. Notice that the IRC for z,,(p, ¢,,) is equivalent to 6,,(q)p,,(q) ., (q)

decreasing. Then, as Figure 1 shows, the following proposition holds.

Proposition 4. Given the IRC, if 0,,(q)p,(Q)y,(q) > 0s(@)p,(q)ps(q) for all ¢ €

[0,G], then price discrimination raises social welfare.

Note that Proposition 4 is stronger than Proposition 3. Similarly, as Figure 2

shows, the following proposition also holds.

Proposition 5. Given the IRC, if 0,p,i, > 0u,p, M, then price discrimination

lowers social welfare.
Again, Proposition 5 is stronger than Proposition 2. To see this, note that

n — ﬁ_cs ]_%I; ]_7 —_
esps = — (_ ( )) Ps

p qs(P)
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|ﬂﬂWLm|

aq

Figure 1: Sufficient condition for price discrimination to raise social welfare:
Owpulty > Ospsus for all ¢ € [0,q). (Weaker sufficient condition (Prop 3):

OrPrbn, > O 0510%)
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Figure 2: Sufficient condition for price discrimination to lower social welfare:
esﬁs/js > ewﬁwﬁw
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- - (-E0)n

Now, by applying the implicit function theorem to F(p;q,cs) = qs(p) — G+ (p —
¢s)0q2(p, p)/Op*, one obtains

_ op _
Ps = a_c(Q; Cs)
_ OF/0c
N OF/0p
o axA,s(ﬁ7 ]_7)/8273
74 (D)
- 1 QS(]_?> - q
(D) P—cs
which leads to
= 1 ¢(p)—7 ( Q’(p))
95 s T T = — — Cg —= —
P Ts(D) D —cs P qs(P)
4 e -7
m.(p) qs(p)

Thus, it is shown that 7i,(¢.(p) /7, (P)) > 0.p.H,. Similarly, it is verified that ,,5,, >

., (p)/m. (P) because
5 = 40,(P) 4u(p) +7
(@) qw(®)
In summary, if gsﬁsﬁs > awﬁwﬁw hOIdS, then ﬁs . (q; (ﬁ) /7‘[';/ (Z_j)) > ﬁw . (q;} (Z_))/ﬂ-; (p))

|

3.3 Consumer Surplus

One can extend the analysis above to consumer surplus. First, consumer surplus is

defined by replacing ¢, in W(r) by pn,(r) to define

CS(T; Cs; Cw) = US(QS (ps (T))) + Uw(qw(pw(r))) - QPS(T) *qs (ps (T)) - 2pw (T) “Gu (pw (T))7

which implies that

CS'(r)
2

= ps(r) - @5 - Pi(r) + pu(r) - g - Pl (r)
—5(r) [ps(r) - @5 + @] = Pl (1) [Pu(7) - € + G
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= —[Pi(r)gs + Pl (r)qu)

= () )0 ~ el )

T
>0
where g (D, ¢m) = qm(p) /7, (D, ¢m). If g (-, ¢m) is assumed to be decreasing, then

one can use a similar argument.

4 Concluding Remarks

This paper provides theoretical implications of oligopolistic third-degree price dis-
crimination with general nonlinear demands, allowing cost differentials across sep-
arate markets. In this sense, this paper, with the help of Weyl and Fabinger
(2013), synthesizes Aguirre, Cowan, and Vickers’ (2010) analysis of monopolistic
third-degree price discrimination with general demands and Chen and Schwartz’
(2015) analysis of monopolistic differential pricing, to extend them to the case of

symmetrically differentiated oligopoly.

If some of price-discriminating oligopolists merge into a single firm, what hap-
pens? Price discrimination is often neglected in a merger analysis. Traditionally, in
merger analyses, it has been considered as important to estimate own- and cross-
price elasticities. However, our theoretical analysis suggests that own- and cross-
price elasticities per se may not be so important in welfare evaluation. We conjecture
that our main thrust obtained under symmetric oligipoly, namely the fundamental
importance of the conduct index and the pass-through rate in welfare evaluation,

remains valid if asymmetric firms are allowed.
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Appendix: Equivalence of Holmes’ (1989) and Our
Expressions for Q'(r)

Holmes (1989, p.247), who assumes no cost differentials (¢ = ¢; = ¢,,) as in most of
the papers on third-degree price discrimination, also derives a necessary and suffi-
cient condition for ¢’(r) > 0 under symmetric oligopoly. It is (using our notation)

written as:

ps—c d (893,4,3(195,195)) _pw—c d (8:BA,w(pw,pw)>
2(ps)  dps Opa 4 (pw)  dpu Opa

-

adjusted-concavity condition (Robinson 1933)
e (ps) _ €4 (pw)
“lpy)  h(pa)

-

elasticity-ratio condition (Holmes 1989)

J/

+ > 0.

Recall that 1/0, —1/0,, = €% /el — &% /el | The first and the second terms in the
left hand side of Holmes’ (1989) inequality is rewritten as:

ps —C . d (axA,s(psaps)) o Pw —C . d (axA,w<pwapw))
¢.(ps) dps Opa ¢,(Pw) dpu Ipa

= )| (=5 ) g (25|
~Lalp)- K‘q;]gfos)) i (%)] |

Now, it is also observed that

ap — (1= 0m)ag,
Om
0rpm/Opa  Pm  Pam
O ¢y 0qBm/Opa OpaOpp
_ DPm ( @)y, Ol N 82xA,m)
@y \ pmbm Opadps)’

F
e

This shows that inequality (1) is another expression for Holmes’ (1989, p.247)
inequality (9). To see this, note that

d (axA,m(pmapm)) _ 82$A7m
dpm apA ap124

8233A7m
Opa0p

(P> Pm) + (P> Pm)
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in Holmes’ (1989) expression is equivalent to —(q’, /pm)(ak /0,m) +0?T am/(OpaOpB)

because
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